The link between the electroweak gauge boson masses and the Fermi constant via the muon lifetime measurement is instrumental for constraining and eventually pinning down new physics. We consider the simplest extension of the Standard Model with an additional real scalar SU (2) L ⊗ U (1) Y singlet and compute the electroweak precision parameter ∆r, along with the corresponding theoretical prediction for the W-boson mass. When confronted with the experimental W-boson mass measurement, our predictions impose limits on the singlet model parameter space. We identify regions where these correspond to the most stringent experimental constraints that are currently available.
Introduction
The relation between the Electroweak (EW) gauge boson masses, the Fermi constant [G F ] and the fine structure constant [α em ] is anchored experimentally via the muon lifetime measurement and constitutes a prominent tool for testing the quantum structure of the Standard Model (SM) and its manifold conceivable extensions. This relation is conventionally expressed in the literature by means of the ∆r parameter [1] [2] [3] [4] [5] [6] and plays a major role in placing bounds on, and eventually unveiling new physics coupled to the standard electroweak Lagrangian.
Aside from being interesting on its own, the quantum effects traded by ∆r are part of the electroweak radiative corrections to production and decay processes in the SM and beyond. In particular, the knowledge of ∆r is a required footstep towards a full one-loop electroweak characterization of the Higgs boson decay modes in the singlet extension of the SM [7] .
The calculation of electroweak precision observables (EWPO) and its role in constraining manifold extensions of the SM has been object of dedicated attention in the literature [1, 2, 5, 6, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Theoretical predictions for ∆r and for the W-boson mass [m th W ] were first derived in the context of the SM [20, 21] and later on extended to new physics models such as the Two-Higgs-Doublet Model (2HDM) [22] [23] [24] [25] [26] [27] [28] [29] [30] and the Minimal Supersymmetric Standard Model (MSSM) [17, [31] [32] [33] [34] [35] [36] [37] [38] [39] . These predictions have proven to be relevant not only to impose parameter space constraints, but also to identify new physics structures capable to in part reconcile the well-known tension between the SM prediction and the experimental value, |m SM W − m exp W | 20 MeV. For instance, in Ref. [30] it was shown that the extended Higgs sector of the general Two-Higgs-Doublet Model (2HDM) could yield m 2HDM W m SM W , thus potentially alleviating the present discrepancy. Our main endeavour in this note is to provide a one-loop evaluation of the electroweak parameter ∆r and the W-boson mass in the presence of one extra real scalar SU (2) L ⊗ U (1) Y singlet. This model, which incorporates an additional neutral, CP-even spinless state, corresponds to the simplest renormalizable extension of the SM, and can also be viewed as an effective description of the low-energy Higgs sector of a more fundamental UV completion. Pioneered by Refs. [40] [41] [42] , this class of models has undergone dedicated scrutiny for the past two decades, revealing rich phenomenological implications, especially in the context of collider physics, see e.g. [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] .
Our starting point is the current most precise theoretical prediction for the SM W-boson mass [m SM W ], which is known exactly at two-loop accuracy, including up to leading three-loop contributions [36, [68] [69] [70] [71] [72] [73] [74] . We combine these pure SM effects with the genuine singlet model one-loop contributions and analyse their dependences on the relevant model parameters. Next we correlate our results with the experimental measurement of the W-boson mass and derive constraints on the singlet model parameter space. Finally, we compare them to complementary constraints from direct collider searches, as well as to the more conventional tests based on global fits to electroweak precision observables.
∆r and m W as Electroweak precision measurements
In the so-called "G 
where F (x) = 1 − 8x − 12x 2 ln x + 8x 3 − x 4 . Following the standard conventions in the literature, the above defining relation for G F includes the finite QED contributions ∆ QED obtained within the Fermi Model -which are known to two-loop accuracy [75] [76] [77] [78] [79] . Matching the muon lifetime in the Fermi model to the equivalent calculation within the full-fledged SM yields the relation:
which is the conventional definition of ∆r, with m W,Z being the renormalized gauge boson masses in the on-shell scheme. Accordingly, we introduce the on-shell definition of the electroweak mixing angle [20] sin
In turn,Σ W (k 2 ) denotes the on-shell renormalized W-boson self-energy. The latter accounts for the oblique part of the electroweak radiative corrections to the muon decay. The non-universal (i.e. process-dependent) corrections rely on the vertex and box contributions and are subsumed into ∆ r [vert,box] . The explicit expression for ∆r after renormalization in the on-shell scheme may be written as a combination of loop diagrams and counterterms as follows:
where Π γ (0) stands for the photon vacuum polarization, while δm 2 W,Z denote the gauge boson mass counterterms. Additional degrees of freedom and/or modified interactions will enter the loop diagrams describing the muon decay, making ∆r (and so m W ) model-dependent quantities. At present, the calculation of ∆r in the SM is complete up to two loops [36, [68] [69] [70] [71] [72] [73] [80] [81] [82] [83] [84] [85] [86] [87] [88] and includes also the leading three [74, [89] [90] [91] [92] [93] and four-loop pieces [94, 95] . The dominant contribution stems from QED fermion loop corrections and is absorbed into the renormalization group running of the fine structure constant.
Taking m Z and G F as experimental inputs, and using Eq. (2), the evaluation of ∆r within the SM or beyond can be translated into a theoretical prediction for the W-boson mass [m th W ]. For this we need to (iteratively) solve the equation
To first-order accuracy, Eq. (4) implies that a shift δ(∆r) promotes to the W-boson mass through [72] and stems mainly from the top mass measurement [99] . This prediction needs to be confronted with the experimental W-boson mass measurement, whose present world-average combines the available results from LEP [100] , CDF [101] and D0 [102] and renders
This represents an accuracy at the 0.02% level. The corresponding discrepancy with the SM theoretical prediction |m exp W − m SM W | 20 MeV falls within the 1σ-level ballpark; however, it is as large as roughly 5 times the estimated theoretical error. On the other hand, these differences should be accessible by the upcoming W-boson mass measurements at the LHC, which are expected to pull the current uncertainty down to ∆m exp W 10 MeV [103, 104] . Furthermore, a high-luminosity linear collider running in a low-energy mode at the W + W − threshold should be able to reduce it even further, namely at the level of ∆m exp W 5 MeV or even below [105] . This strongly justifies, if not simply demands, precision calculations of ∆r and m W to probe, constrain, or even unveil, new physics structures linked to the electroweak sector of the SM.
As a byproduct, the task of computing ∆r involves the evaluation of the so-called δρ parameter [106] [107] [108] [109] . The latter is defined upon the static contribution to the gauge boson self-energies,
and measures the ratio of the neutral-to-charged weak current strength. Quantum effects yielding δρ = 0 may be traced back to the mass splitting between the partners of a given weak isospin doublet, and so to the degree of departure from the global custodial SU (2) invariance of the SM Lagrangian. The δρ parameter is finite for each doublet of SM matter fermions and is dominated by the top quark loops
In terms of δρ, the general expression for ∆r can be recast as [2, 5, 6] : 
Remarkably, this telltale screening behavior does not hold in general for extended Higgs sectorsviz. in the general 2HDM [30] .
3 ∆r and m W in the singlet model
Model parametrization at leading-order
Our starting point is the most general form of the gauge invariant, renormalizable potential involving one real SU (2) L ⊗ U (1) Y singlet S and one doublet Φ, the latter carrying the quantum numbers of the SM Higgs weak isospin doublet (see e.g. [41, 42, 110] ):
with the potential
a One should bear in mind that the Higgs boson contribution in the SM [δρ
SM ] is neither UV finite nor gauge invariant on its own, but only in combination with the remaining bosonic contributions.
In this minimal version we assume an additional Z 2 symmetry which forbids additional terms in the potential. The neutral components of these fields can be expanded around their respective Vacuum Expectation Values (VEVs) as follows:
The minimum of the above potential is achieved under the conditions
while the quadratic terms in the fields generate the mass-squared matrix
Requiring this matrix to be positively-defined leads to the stability conditions b
The above mass matrix in the gauge basis M 2 ls can be transformed into the (tree-level) mass basis through the rotation
Its eigenvalues then read 
The Higgs sector in this model is determined by five independent parameters, which can be chosen as
where the doublet VEV is fixed in terms of the Fermi constant through
Furthermore, we fix one of the Higgs masses to the LHC value of 125.7 GeV; therefore, three parameters of the model are presently not determined by any experimental measurement.
As only the doublet component can couple to the fermions (via ordinary Yukawa interactions) and the gauge bosons (via the gauge covariant derivative), all of the Higgs couplings to SM particles are rescaled universally, yielding
b Cf. e.g. [110] for a more detailed discussion.
One-loop Higgs boson-mediated contributions to the weak gauge boson self-energies in the singlet model. The charged and neutral Goldstone boson contributions appear explicitly in the 'tHooft-Feynman gauge. The Feynman diagrams are generated using FeynArts.sty [112] .
Calculation details
Let us now focus on the calculation of ∆r and m W in the singlet extension of the SM. The pure SM contributions [∆r SM ] and the genuine singlet model effects [δ(∆r sing )] can be split into two UV-finite, gauge-invariant subsets and treated separately:
We here include the state-of-the-art ∆r SM evaluation, extracted from Eq. (2) and the numerical parametrization given in Ref. [72] , which renders the central values 
We set the top-quark mass [m t = 173.07 GeV] and the Z-boson mass [m Z = 91.
1875 GeV] at their current best average values [111] . The SM Higgs mass is fixed to the HiggsSignals best-fit value of 125.7 GeV. This result for ∆r SM includes the full set of available contributions, combining the full-fledged two-loop bosonic [73, 88] and fermionic [36, 72, 87] effects, alonside the leading three-loop corrections at O(G 3 F m 6 t ) and O(G 2 F α s m 4 t ) [74] . The genuine singlet model contributions [δ(∆r sing )] originate from the Higgs-boson mediated loops building up the weak gauge boson self-energies, which are shown in Fig. 1 . This modeldependent part relies on the Higgs masses [m h 0 , m H 0 ] and the mixing angle [sin α], and we compute it analytically to one-loop order. As the Higgs self-interactions do not feature at one-loop, the results are insensitive to tan β.
At this point, care must be taken not to double-count the pure SM Higgs-mediated contributions. To that aim we define [δ(∆r sing )] in Eq. (21) upon subtraction of the SM contribution:
SM where ∆r With this in mind, the purely singlet model contributions to the gauge boson self-energies give
The loop integrals in the above equations are expressed in terms of the standard Passarino-Veltman coefficients in the conventions of [113] . The presence of the additional singlet has a twofold impact: i) first, via the novel one-loop diagrams mediated by the exchange of the additional Higgs boson, as displayed in Fig. 1 ; ii) second, via the reduced coupling strength of the SM-like Higgs to the weak gauge bosons, rescaled by the mixing angle (cf. Eq. 20).
At this stage, we in fact do not yet have to specify a complete renormalization scheme for the model. It suffices to consider the weak gauge boson field and mass renormalization entering Eq. (2). The relevant counterterms therewith are fixed in the on-shell scheme c [2, 20, 114, 115] , i.e. by requiring the real part of the transverse renormalized self-energies to vanish at the respective gauge boson pole masses, while setting the propagator residues to unity:
The complete singlet model prediction in Eq. (21) is exact to one-loop order and, as alluded to above, it includes in addition all known higher order SM effects up to leading three-loop precision. Finally, let us also remark that the additional singlet-mediated contributions to the vertex and box diagrams contained in ∆r [vert,box] (cf. Eq. (3)) are suppressed by the light fermion Yukawa couplings and therefore negligible.
In turn, the static contributions traded by the δρ parameter, as defined in Eq. (7), can be obtained by taking the limit p 2 → 0 on Eqs. (24)- (25) and are given by c On-shell mass renormalization in theories with mixing between the gauge eigenstates, as in the Higgs sector of the singlet model, must be addressed with care. In these cases, quantum effects generate off-diagonal terms in the loop-corrected propagators, which can be absorbed into the renormalization of the mixing angle. However, it can be shown that, regardless of the specific renormalization scheme chosen for the mixing angle, the on-shell renormalized masses coincide with the physical (pole) masses to one-loop accuracy. A detailed discussion on this issue as well as on the complete renormalization scheme as such for the singlet model will be presented in [7] .
The logarithmic dependence on both the light and the heavy Higgs masses follows the same screening-like pattern of the SM, as shown in Eq. (10). The model-specific new physics imprints are again to be found in i) the additional Higgs contribution; and ii) the universally rescaled Higgs couplings to the gauge bosons. The size of ∆(δρ sing ) is controlled by the overall factor ∼ sin 2 α, while its sign, which is fixed by the respective Higgs and gauge boson mass ratios, is negative in all cases. Equation (26) therefore predicts a systematic, negative yield from the new physics effects [∆(δρ sing ) < 0], which implies δρ sing < δρ SM . Finally, and owing to the fact that δρ is linked to ∆r via Eq. (9), we may foresee ∆r sing ≡ ∆r SM + δ(∆r sing ) > ∆r SM and hence m 
Numerical analysis
In the following we present an upshot of our numerical analysis. Figures 2 and 3 
wherefrom we get 
The 1σ and 2σ C.L. regions in ∆r exp are derived from the m exp W uncertainty bands using standard error propagation. These plots nicely illustrate the parameter dependences anticipated earlier e.g. in Eqs. (24)- (25) . On the one hand, the quadratic sin 2 α (cos 2 α) dependence reflects the global rescaling of the light (heavy) SM-like Higgs coupling to the weak gauge bosons. Accordingly, the values of ∆r and m sing W converge to the SM predictions in the limit sin α = 0 (sin α = ±1) in which the new physics effects decouple. The growing departure from the SM as we raise (lower) the mass of the heavy (ligher) Higgs companion follows the logarithmic behavior singled out in Eq. (26) , and can be traced back to the increasing breaking of the (approximate) custodial invariance.
In the case where m h 0 = 125.7 GeV and m H 0 > 130 GeV (cf. upper panels of Figs. 2 and 3 ), for a large variety of Higgs mass spectra. However, unlike the singlet model case, these situations are not attached to a specific mass hierarchy [30] .
e A fully comprehensive analysis of the model combining all currently available constraints deserves a dedicated study and will be presented elsewhere [116] . W tension even further, and more so as we increasingly depart from the SM-like limit. Alternatively, for m h 0 < m H 0 = 125.7 GeV we find that relative deviations of ∼ 5% in ∆r sing ( with ∆r sing < ∆r SM ) are attainable for 50 − 100 GeV light Higgs companion masses and mixing angles above | sin α| ∼ 0.5.
Alongside with the calculation of ∆r and m sing W we compute the new physics one-loop contributions to the δρ parameter (cf. Eq. (7)). The behavior of ∆(δρ sing ) as a function of the relevant singlet model parameters [sin α] and [m h 0 ,H 0 ] is illustrated in Figure 4 . Again, we separately examine the two complementary situations in which either the ligher (top-row panels) or the heavier (bottom-row panels) singlet model mass-eigenstate describes the SM-like Higgs boson. As expected, |∆(δρ sing )| enlarges as we progressively separate from the SM limit. The strong dependence in the additional Higgs mass displays the increasing deviation from the custodial symmetry limit, which is enhanced by the mass splitting between the Higgs mass-eigenstates. Conversely, we recover ∆(δρ sing ) → 0 in the m h 0 → m H 0 limit. The relative size of the static one-loop effects encapsulated in ∆(δρ sing ) is quantified in the lower subpannels of Fig. 4 through the ratio ∆r [δρ] rel ≡ ∆r 
which we construct from the different pieces singled out in Eq. (9), retaining the singlet model contributions only. quarks and Higgs bosons. This type of mixed O(G 2 F m 4 t ) Yukawa corrections was first computed within the SM in the small Higgs boson mass limit in Ref. [117] and later on extended to arbitrary masses [118, 119] . The analytical expressions therewith can be readily exported to our case. Taking into account the rescaled top-quark interactions with the light (heavy) Higgs mass-eigenstate by an overall factor ∼ cos 2 α (∼ sin 2 α); and removing as usual the overlap with the SM contribution (which we identify here with h 0 in the sin α = 0 limit) we find ∆(δρ [2] sing ) = (30)
where in the latter step we have introduced the asymptotic expansions of f (r) [118, 119] . The above estimate ∆(δρ [2] sing ) stagnates around O(10 −4 ) for fiducial parameter choices with | sin α| 0.5. When promoted to the W-boson mass prediction through Eqs. (5) and (9) we find
which we can interpreted as an estimate on the theoretical uncertainty on m sing W due to the quantum effects beyond the one-loop order.
Comparison to complementary model constraints
In this section, we first confront the model constraints imposed by the [m sing W − m exp W ] comparison to those following from global fits to electroweak precision data, commonly expressed in terms of the oblique parameters [S, T, U ]. In the standard conventions [111] , and retaining the one-loop singlet model contributions only, the latter are given by
Notice that genuine singlet model contributions to the photon and the mixed photon-Z vacuum polarization are absent at one loop. The overlined notation Σ is once more tracking down the consistent subtraction of the overlap with the SM Higgs-mediated contributions, as specified by Eq. (23). The T parameter can obviously be related to the δρ parameter in Eq. (7), yielding α em T = −δρ. Likewise, we may rewrite ∆r sing as
In Fig. 5 we survey [S, T, U ] as a function of the relevant singlet model parameters. The 1σ and 2σ level contours have been taken from Ref. [120] , in which the LHC Higgs mass measurement is already included as an input quantity, and reports a best-fit point 
Allowing for independent variations of up to 2σ in each of these parameters, we find no constraints in the entire mass range m h 0 ,H 0 = 30 − 1000 GeV. The onset of the 2σ-level exclusion is found for m H 0 1130 GeV, triggered by the limits on the T parameter. These constraints are, however, manifestly milder than those resulting from m exp W . This is after all not surprising, since [S, T, U ] are estimated from a global simultaneous fit to several electroweak precision observables. The resulting C.L. limits are thus smeared with respect to electroweak precision tests based on the individual observables.
Next we compare the above constraints to the upper limits on the mixing angle stemming from i) direct collider searches; and ii) the averaged LHC Higgs signal strength measurements [μ exp ]. For the former, we use HiggsBounds [121] to extract upper limits | sin α| max as a function of m H 0 . In the mass range m H 0 = 200 − 1000 GeV, the primary collider limits follow from the CMS fourlepton mode search [122] ; for lower masses additional channels are equally important [123, 124] . Concerning the Higgs signal strength, we use the most recent values reported in [125, 126] µ ATLAS = 1.30 ± 0.18, µ CMS = 0.80 ± 0.14 wherefromμ exp = 1.05 ± 0.11.
A word of caution should be given here. Note that these best-fit estimates and C.L. limits are not tailored to any particular model. This means for instance that, although the singlet model can only yield a suppressed Higgs signal strength µ sing ≤ 1, such restriction is not enforced beforehand 
Summary
We have reported on the computation of the electroweak precision parameter ∆r, along with the theoretical prediction of the W-boson mass, in the presence of one additional real scalar SU (2) L ⊗ U (1) Y singlet. The ∆r parameter trades the relation between the electroweak gauge boson masses, the Fermi constant and the muon lifetime. Its precise theoretical knowledge plays a salient role in the quest for physics beyond the SM. The reason is twofold: first, because ∆r and m W constitute a probe of electroweak quantum effects and are therefore sensitive to, and able to constrain, extended Higgs sectors; and second, due to the current 1σ discrepancy |m SM W −m exp W | ∼ 20 MeV which, if eventually growing with the more accurate upcoming W-boson mass measurements, it could become a smoking gun for new physics.
In this work we have combined the state-of-the-art SM prediction (available up to leading three-loop accuracy) with the one-loop evaluation of the genuine singlet model effects. The two possible realizations of the singlet-extended SM Higgs sector, viz. featuring a heavy or a light Higgs companion, have been separately examined. Finally, we have confronted the constraints on the parameter space stemming from [m exp W ] to the limits imposed by i) direct collider searches; ii) Higgs signal strenght measurements; and iii) the bounds on [S, T, U ] based on global fits to electroweak precision data.
Our conclusions may be outlined as follows:
• The singlet model contributions to ∆r and m W are characterized by: i) a global rescaling factor which depends on the mixing between the two scalar mass-eigenstates and reflects the universal suppression of all Higgs boson couplings in this model; ii) the additional exchange of the second Higgs boson, which exhibits a logarithmic screening-like non-decoupling dependence with the Higgs mass.
• With the calculation of the ∆r parameter, we have taken one step towards a complete characterization of the one-loop electroweak effects in the singlet extension of the SM. The knowledge of ∆r is a key element in the evaluation of the electroweak quantum corrections to the Higgs boson decays. Work in this direction is underway [7] .
